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Non-centrosymmetric superconductors, Li 2 Pd 3 B and Li 2 Pt 3 B shows different superconducting properties despite the 
same crystal symmetry. We investigate the spin susceptibility of non-centrosymmetric superconductors accompanied by 
the topological transition of Fermi surfaces due to anti-symmetric spin-orbit coupling, which are indicated by the first 
principle band structure calculation forLi 2 Pt3B. We study three topological transitions, namely (A) the disappearance of 
Fermi surface, (B) crossing the Dirac point, and (C) crossing the saddle point van-Hove singularity. The spin suscepti- 
bility in the superconducting state is enhanced by the topological transitions (A) and (C), while that is decreased by (B). 
We discuss the unusual magnetic properties observed in Li 2 Pt3B on the basis of these results. 

KEYWORDS: superconductivity without inversion symmetry, topological transition of Fermi surfaces, spin suscep- 
tibility 



Recently, superconductors lacking the inversion symmetry 
in the crystal structure are attracting much attention. The anti- 
symmetric spin-orbit coupling induced by the broken inver- 
sion symmetry leads to the spin splitting of the Fermi surface, 
and gives rise to unique superconducting properties, such as 
the parity mixing of order parameters. ' 

Among many non-centrosymmetric superconductors, the 
perovskitelike cubic compounds Li2Pd3B 2 ' and LiaPtsB 3 ' 
show particularly unusual properties. The superconducting 
properties are different between these two compounds in 
spite of the same crystal symmetry. 2 ~ 12 ' The order param- 
eter is fully gapped in Li2Pd3B, while that has line nodes 
in Li 2 Pt 3 B. 4 - 7 ' 9 ' 12) The NMR Knight shift of Li 2 Pd 3 B is 
decreased across the superconducting transition temperature 
T c , while that of L^PtjB is mostly unaffected in the su- 
perconducting state. 6 ' 12 ' While these behaviors of Li2Pd3B 
indicate the conventional s-wave superconductivity admixed 
with the spin triplet p-wave one owing to the anti-symmetric 
spin-orbit coupling, those of I^PbB are incompatible with 
the canonical theory of non-centrosymmetric superconductiv- 
ity. 1 ' According to the weak coupling theory neglecting the 
correlation effects, the spin susceptibility in the cubic non- 
centrosymmetric superconductor should be reduced to 2/3 of 
the normal state value at T — 0. ' ' On the other hand, the 
Knight shift measurement of Li2Pt3B did not show such de- 
crease of spin susceptibility. 6 ' 12 ' The spin-triplet supercon- 
ducting state has been proposed for Li2Pt3B on the basis of 
this experimental result, 6 ' 12) however the spin susceptibility 
at low magnetic fields <K &b7c is independent of the 

symmetry of order parameter. 15 ' Indeed, the pairing states in- 
dicated by the theoretical studies 1617 ' is incompatible with 
the Knight shift measurement of Li2Pt3B. Although the elec- 
tron correlation effect may enhance the spin susceptibility in 
the superconducting state, 13 ' such enhancement is unlikely in 
Li2Pd3B and L^PtjB in which the correlation effect is negli- 
gible. 8 ' 10) The influence of magnetic order has been pointed 
out for the heavy fermion superconductor CePt3Si, 18 ' 19 ' but 
the magnetic order does not occur in Li2Pt3B. Thus, the su- 



perconducting state of I^PtjB remains controversial, while 
Li2Pd3B is a "conventional" non-centrosymmetric supercon- 
ductor. 

For the difference of Li2Pt3B from Li2Pd3B, the substantial 
enhancement of anti-symmetric spin-orbit coupling has been 
discussed. 20 ' The increase of atomic LS-coupling on Pt ions 
as well as the deformation of crystal structure 12 ' significantly 
increases the anti-symmetric spin-orbit coupling of Li2Pt3B. 
According to the first principle band structure calculation, this 
enhancement of anti-symmetric spin-orbit coupling is accom- 
panied by the topological transition of Fermi surfaces. 21 ' The 
Fermi surfaces of Li2Pd3B consist of the several pairs of spin- 
split Fermi surfaces. On the other hand, the counter part of 
some pairs vanishes in Li2Pt3B. According to the recent stud- 
ies of crystal structure of solid solution Li2(Pdi_ v Pt A )3B, the 
structure deformation occurs around x ~ 0.8 12 ' and probably 
is accompanied by this topological transition of Fermi sur- 
faces (FS topological transition). 

In this paper, we investigate the effect of FS topological 
transition due to the anti-symmetric spin-orbit coupling on 
the superconducting state. For this purpose, we calculate the 
spin susceptibility in the superconducting state. We here study 
three kinds of the FS topological transition. In the type (A), 
one of the spin split Fermi surfaces vanishes due to the sub- 
stantial increase of the spin-orbit coupling (see Fig. 1(a)). In 
the type (B), the Fermi surface crosses the Dirac point with in- 
creasing the spin-orbit coupling, as shown Fig. 1(b). Finally, 
in the type (C), one of the spin split Fermi surfaces crosses a 
van-Hove singularity, as shown Fig. 1(c). 

Our analysis is based on the single band Hamiltonian as 

H = ^ s(k)c ] ks c ks + a ^ g(k) ■ (T ss >c ] k c ks , 



(i) 



k,s,s' 



where c^, (ct ) is the annihilation (creation) operator for an 
electron with momentum k and spin s, and tr s y is the vec- 
tor representation of the Pauli matrix. The dispersion rela- 
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Fig. 1. (Color online) Schematic figure of the FS topological transitions, 
(a) The type (A). One of the split Fermi surfaces vanishes around the top or 
bottom of the band, (b) The type (B). The Fermi level crosses the Dirac point. 
In the figures (a) and (b), the thick solid lines show the two spin split bands 
and the arrows show the spin of each band, (c) The type (C). A Fermi surface 
crosses the van-Hove singularities (closed circles). The dotted and solid lines 
show the Fermi surfaces of £ + band and £_ band, respectively. 



curs with increasing the anti-symmetric spin-orbit coupling. 
The chemical potential /i is involved in the dispersion rela- 
tion and determined so that the electron density per site is 
n. The second term describes the anti-symmetric spin-orbit 
coupling which preserves the time reversal symmetry for the 
anti-symmetric g-vector g(-k) - -g(k). The spin-orbit cou- 
pling lifts the two-fold degeneracy in the band as s ± (k) = 
s(k) + a\g(k)\. In this paper, we study the two-dimensional 
Rashba spin-orbit coupling with g(k) = (-sin k y , sin k x , 0) as 
well as the three-dimensional cubic spin-orbit coupling with 
g(k) = (smk x ,sink y ,smk z ). 

We take into account the mean field of the superconducting 
order parameter in the last term of eq. (1). The order param- 
eter A ,,<(£) involves both spin singlet and triplet components 
due to the spin-orbit coupling. We here ignore the spin triplet 
component, since the spin susceptibility at low fields is in- 
dependent of the symmetry of order parameters for a large 
spin-orbit coupling |A SJ <| <k <x 13 ~ 15) Although the spin sus- 
ceptibility depends on the order parameters for an extraordi- 
nary small spin-orbit coupling |A J5 <| > a, 22) this is not the 
case of Li2Pd3B and Li2Pt3B. For simplicity, we assume the 
s-wave spin singlet order parameter (Aj|(fc) = -A^(k) = if/). 
It has been confirmed that the quantitatively same results are 
obtained for the p-wave spin triplet order parameter. We take 
< 0.01 so as to be small enough to satisfy the condition 
|A JS '| <K a as realized in most non-centrosymmetric super- 
conductors. 

In the following part, we calculate the spin susceptibility 
at T = 0. The spin susceptibility x — HmH->o(M)/H is ob- 
tained by calculating the magnetization (M) in the field H 
and taking the limit H — » 0. The Zeeman coupling term is 
introduced as H z = -(g J u B /2)S^ J S >H ■ (r ss >c\ where we 
assume g — 2 and jUb is the Bohr magneton. We first study the 
two-dimensional systems with Rashba spin-orbit coupling, 
and later we show the results for the three-dimensional sys- 



tems with cubic spin-orbit coupling. For the two-dimensional 
systems, we focus on the spin susceptibility in the afe-plane, 
since that along c-axis is not reduced by the superconductiv- 
ity. On the other hand, the spin susceptibility is isotropic in 
the cubic systems. 

First, we investigate the two-dimensional systems with the 
Rashba spin-orbit coupling g(k) = (- sin k y , smk x , 0). The 
dispersion relation is assume as, 

s(k) = 2t\ (cos k x + cos k v ) + 4?2 cos k x cos k x 

+ 2?3(cos 2k x + cos 2k y ) - fi. (2) 

The FS topological transition of the type (A) occurs at a = 
0.325 for the parameters (fi,f 2 ,f 3 ,n) = (-0.25,0.5,0.8,0.1). 
Figure 2(a) shows the spin susceptibility normalized by the 
normal state value XslXa as a function of the spin-orbit cou- 
pling. We see the discontinuous jump of the normalized spin 
susceptibility at a — 0.325. This is because the spin suscep- 
tibility in the normal state Xn is decreased by the type (A) FS 
topological transition while that in the superconducting state 
Xs is not substantially affected, as shown in Fig. 2(a). 

We clarify these changes at the FS topological transition 
by dividing the spin susceptibility into the Pauli part and Van- 
Vleck part. The Pauli part of spin susceptibility x? arises from 
the intraband contributions and is completely suppressed at 
T — 0. On the other hand, the Van-Vleck part xv is the in- 
terband contribution, and therefore, hardly affected by the su- 
perconductivity. Thus, the spin susceptibility is obtained as 
Xn — Xp + Xv i n tne normal state, while that is Xs - Xv i n 
the superconducting state. Because the Pauli part xp is pro- 
portional to the density of state at the Fermi level, the dis- 
appearance of the Fermi surface at the type (A) FS topolog- 
ical transition decreases xp as well as Xn- This decrease oc- 
curs in a discontinuous way in the two-dimensional system 
since the density of state is discontinuous at the band edge 
(see Fig. 2(b)). On the other hand, the spin susceptibility in 
the superconducting state is robust for the disappearance of 
the Fermi surface, since that comes from the Van-Vleck term 
Xv- In this way, the normalized spin susceptibility Xs/Xn is 
enhanced by the spin-orbit coupling at the type (A) FS topo- 
logical transition. For a large spin-orbit coupling a > 0.325, 
Xs IXn gradually decreases with a, because of the decrease of 
Van-Vleck term. 

Next, we study the FS topological transition of the type 
(B). For the parameters (t u t 2 , 1 3 , n) = (-1, 0, 0, 0.1) of eq. (2), 
the Fermi surface crosses the Dirac point at a — 1.22. Fig- 
ure 3 shows the decrease of Xs/Xr f° r a larger than a — 1.22 
in sharp contrast to the FS topological transition of type (A). 
This is because the density of state at the Fermi energy in- 
creases and then the Pauli term is enhanced. 

The normalized spin susceptibility XslXn is increased by 
the FS topological transition of the type (C), as investigated 
by Fujimoto. 13 ' Our calculation reproduces their result, but 
the enhancement of normalized spin susceptibility is much 
smaller than that due to the type (A) FS transition. For the 
parameters {h,t 2 ,h,n) = (-0.25,0.5,0.8,0.8) of eq. (2), the 
transition of the type (C) occurs at a — 0.69. Figure 4 shows 
that Xs/Xn is suppressed at the transition a = 0.69 and en- 
hanced for a > 0.69. This enhancement of;^ s /;f n is less pro- 
nounced than that due to the type (A) transition. Indeed, Xs/Xn 
is significantly increased at a — 2.16 where the FS topological 
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Fig. 2. (Color online) (a) The normalized spin susceptibility Xs/Xn in 
the two-dimensional systems with the Rashba spin-orbit coupling (solid 
line). We assume the dispersion relation in eq. (2) with {t\,t2,t?,,ri) = 
(-0.25,0.5,0.8,0.1). The FS topological transition of the type (A) occurs 
at a = 0.325. The spin susceptibility in the normal state Xn (dotted line), 
the Pauli term xp (dash-dotted line), and the Van-Vleck term x\ (dashed 
line) are shown for the discussion, (b) Density of state in the normal state at 
a = 0.325. Solid line shows the total density of state. The density of state of 
the e+ band and that of the e_ band are shown by the dash-dotted and dotted 
liens, respectively. The vertical dashed line shows the Fermi energy. 
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Fig. 3. (Color online) Normalized spin susceptibility Xs/Xn f° r 
(fl,f2,?3,n) = (-1,0,0,0.1) in eq. (2). The FS topological transition of 
the type (B) occurs at a = 1.22. The lines show the same quantities as in 
Fig. 2(a). 



transition of the type (A) occurs. 

We here turn to the three-dimensional system with the cu- 
bic symmetry. The cubic spin-orbit coupling with g(k) = 
(sin k x , sin k y , sin k z ) is considered. We assume the dispersion 
relation as, 

s(k) = 2fi(cos k x + cos k y + cos k z ) 

+ 4f2(cos k x cos ky + cos k y cos k z + cos k z cos k x ) 
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Fig. 4. (Color online) Normalized spin susceptibility Xs/Xn f° r 
(«l,f 2 ,f3,n) = (-0.25,0.5,0.8,0.8) in eq. (2). The FS topological transition 
of the type (C) occurs at a = 0.69, and that of the type (A) occurs at 
a = 2.16. The lines show the same quantities as in Fig. 2(a). 



+ 2f4(cos 2k x + cos 2k y + cos 2k z ) - ji. 



(3) 



When we choose the parameters (t\, ?2, h, t^, ri) = 
(-0.8,0.275,0.1125,0.8,0.2), the Fermi surfaces show the 
topological transition of the type (A) at a = 0.92. Figure 5(a) 
shows the maximum of x*/Xn at the topological transition as 
in the two-dimensional system (Fig. 2(a)). On the other hand, 
the enhancement of XslXn is not discontinuous because the 
density of state continuously decreases as p(s) oc ye - e c at 
the band edge s — s c (see Fig. 5(b)). Because of the less sin- 
gular properties in the density of state, the enhancement of 
the normalized spin susceptibility Xs/Xn is smaller than the 
two-dimensional systems. 

The large Xs/Xn close to 1 is obtained when the FS 
transitions of type (A) and (C) successively occur. For the 
discussion of this case, we here assume the parameters 
(h,h,h,ti,n) = (-0.8,0.275,0.1125,0.8,0.9) in eq. (3). 
Then, the Fermi surface of e_ band and that of e + band cross 
the van-Hove singularity at a = 0.82 and a = 2.3, respec- 
tively. With further increasing the spin-orbit coupling, the 
Fermi surface of e + band vanishes at a — 3.6. We obtain the 
large normalized spin susceptibility Xs/Xn > 0.9 for a > 3.6, 
as shown in Fig. 6. Such large Xs/Xn is obtained because the 
density of state in the remaining Fermi surface is small. Al- 
though we have to assume a large spin-orbit coupling a > 3.6 
in order to realize such small density of state in our model, 
a similar band structure may be realized in the multi-orbital 
model with a reasonable spin-orbit coupling through the in- 
terband hybridization. Indeed, it has been pointed out that the 
multi-orbital effect plays an important role for the band struc- 
ture of Li2Pt3B. 21) Then, it is expected that the large Xs/Xn is 
realized as in Fig. 6. 

In summary, we have investigated the spin susceptibility 
of non-centrosymmetric superconductors which is accompa- 
nied by the topological transition of Fermi surfaces due to the 
anti-symmetric spin-orbit coupling. When one of the Fermi 
surfaces of the spin split band vanishes (FS topological transi- 
tion of the type (A)), the normalized spin susceptibility x&IXn 
is enhanced. On the other hand, XalXn is decreased by the 
FS topological transition of the type (B) in which the Fermi 
level crosses the Dirac point. The spin susceptibility XslXn 
increases when the Fermi surface crosses van-Hove singular- 
ities (FS topological transition of the type (C)), but the in- 
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tained the large normalized spin susceptibility Xs/Xn > 0.9, 
which is consistent with the NMR Knight shift measurement 
for Li2Pt3B 6 ' 12) within the experimental resolution. Thus, 
the topological transition of Fermi surfaces due to the large 
anti-symmetric spin-orbit coupling may be the source of the 
anomalous magnetic properties of L^Pt^B. This is consistent 
with the band structure calculation which shows a lot of topo- 
logical transitions in Li 2 Pt 3 B, 21) but not in Li 2 Pd 3 B. 20) We 
leave the analysis of the multi-orbital model derived from the 
first principle band structure calculation as a future issue, but 
we expect that the effects of the FS topological transition are 
not altered by such details. 
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Fig. 5. (Color online) (a) Normalized spin susceptibility Xs/Xn m me three- 
dimensional systems with the cubic spin-orbit coupling. We assume the pa- 
rameters (ti,t 2 ,t 3 ,U,n) = (-0.8,0.275,0.1125,0.8,0.2) in eq. (3). The FS 
topological transition of the type (A) occurs at a = 0.92. The lines show 
the same quantities as in Fig. 2(a). (b) Density of state in the normal state at 
a = 0.92. The vertical dashed line shows the Fermi energy. The lines show 
the same quantities as in Fig. 2(b). 
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Fig. 6. (Color online) Normalized spin susceptibility Xs/Xn for 
(t l ,t 2 J3,U, n) = (-0.8, 0.275, 0.1125, 0.8, 0.9) in eq. (3). The FS topological 
transition of the type (C) occurs at a = 0.82 and a = 2.3, and that of the type 
(A) occurs at a = 3.6. 



are pronounced in the two-dimensional system because of the 
discontinuous jump of the density of state at the band edge. 
Even in the three-dimensional system, the spin susceptibility 
is almost unchanged through the superconducting transition, 
when both transitions of the type (A) and (C) occur. We ob- 
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